In photoacoustic image reconstruction, it is commonly assumed that the acoustic pressure on the detection surface is given. However, this does not take into account that in a realistic scenario the detectors often have a certain directivity. In this case the actual data are more accurately described as a linear combination of the acoustic pressure and its normal derivative with respect to the measurement surface. In this paper, we will consider an inverse source problem for the wave equation for data that are a combination of acoustic pressure and its normal derivative. For the special case of a spherical detection geometry we are able to derive exact frequency domain reconstruction formulas. Numerical results show the robustness and validity of the derived inversion formula. We also derive an inversion formula for a weighted spherical mean transform.
Introduction
Photoacoustic Tomography (PAT) is a hybrid imaging technique that combines high optical contrast and ultrasonic resolution. It is based on the generation of an ultrasound wave by a short laser pulse inside an object of interest. Thereby the initial pressure distribution of the sound wave encodes the electromagnetic absorption properties of the object, which are of great interest in medical diagnostics. PAT has proven to be very promising in medical areas like functional brain imaging of small animals, early cancer diagnostics and imaging of vasculature.
In a typical PAT setup the generated ultrasound wave propagates until it leaves the object and is then recorded by several point-like detectors. Typically, they are located on a surface S that (partially) encloses the volume in which the object of interest is contained. In the standard PAT approach data collected in this way are identified with the restriction of the acoustic ultrasound wave to the surface S. In [1, 2] it is noted that measurements of standard detectors are direction dependent in the sense that they measure a combination of the pressure field and its normal derivative. Comparison of real data with numerically simulated direction dependent data also suggest this, see [1, 3] . In order to incorporate this direction dependency, the measurement of a detector located at x P S measuring such a combination, see Figure 1 , is modeled as g@x; tA a c 1 p@x; tA C c 2 n@xA r x p@x; tA; @x; tA P S ¢ H; T ;
where n@xA denotes the outwards pointing normal of the surface at x, T denotes the duration of the measurement and c 1 ; c 2 P R are weight factors. For the first time we present PAT reconstructions based on such direction dependent data.
For the considered kind of data existing reconstruction algorithms can not be applied. For completeness, we mention important developments in PAT that can be adapted for the new data model: The classical problem in PAT consists in the reconstruction of the initial pressure distribution f, which corresponds to the case c 2 a H in our direction dependent data model. Many reconstruction methods for the desired initial pressure distribution have been derived in the recent years for various PAT situations. For example they include different detection geometries with variable or constant speed of sound or limited view situations. Also theoretical questions concerning uniqueness and stability of the inverse source problem were investigated [4] [5] [6] [7] [8] . A practically important case for PAT reconstruction schemes assumes constant speed of sound wave propagation. Because of the simpler model in the constant sound speed case a vast number of explicit reconstruction formulas for f have been developed [9] [10] [11] [12] [13] [14] [15] [16] [17] [17] [18] [19] [20] [21] in the recent years. Among these formulas so called frequency domain reconstruction formulas provide very fast and accurate reconstructions. They give an expansion of the initial pressure f in terms of eigenfunctions of the Dirichlet or Neumann Laplacian ¡ of the volume . For special geometries, when the boundary of is a sphere or a cylinder the eigenfunctions of ¡ are explicitly known and thus lead to analytic reconstruction formulas [17] [18] [19] [20] [21] .
In this work we will provide an explicit frequency domain reconstruction formula for direction dependent data that are based on an expansion of the spherical Laplace operator. Thereby we establish a relation between direction dependent data and the initial pressure distribution f. Reconstructions based on this formula are hard to implement directly due to possible divisions by zero. By using an expansion into a Fourier Bessel series, in Section 3 we derive an alternative formula that allows for a stable implementation. By expressing the direction dependent data in terms of a weighted spherical mean transform M cos in Section 4 we also derive an inversion formula for M cos .
PAT with direction-dependent data
In PAT, sound propagation is commonly described by an acoustic pressure wave p that satisfies the initial value problem In this work we assume that the speed of sound satisfies c@xA I and that the initial pressure distribution satisfies f P g I 0 @A. In PAT with direction dependent data we model measurement data as g@x; tA a c 1 p@x; tA C c 2 n@xA rp@x; tA; @x; tA P S ¢ H; T :
The aim of PAT with direction dependent data is to recover the initial pressure distribution f from g. To the best of or knowledge, this is a new inverse source problem for the wave equation that has not been considered so far. In the case when measurements are given by the normal derivative of the pressure (c 1 a H) has been considered in [2, 22] , wich gives an explicit inversion formula of the backprojection type when the detection surface is a sphere in three dimensions.
In this work, we will consider the case when the volume is given by the n I dimensional ball B r0 with radius r 0 centered at the origin. Our approach is based on
Fourier space methods that lead to a relation between measurement data and the initial pressure distribution in the frequency domain. For the practical application the cases n a P and n a Q are of relevance. In particular, the case n a P appears from direction dependent measurements with integrating line detectors on a cylindrical surface.
Exact inversion formula
The established relation between measurement data and initial pressure is stated in the frequency domain after applying several integral transforms. 
Moreover we need the identity (see, e.g. which is equivalent to (7) and thus proves the Lemma.
To obtain the proposed stable reconstruction formula, we investigate the coefficients p ffg lk a bit further. Using equation (9) 
The latter computations together with Lemma 1 gives the following result. In practice reconstructing the initial pressure by the inversion formula stated in Theorem 2 is unstable due to its zeros of the denominator. However, we are able to provide a stable inversion formula by using a Fourier Bessel series to evaluate the inner integral in formula (13).
Stable inversion formulas
Since in real situations only noisy data g P L 2 S (13), which means that Theorem 2 can not be directly used to reconstruct initial pressure density f. However, we are able to avoid the zeros of the denominator by using a Fourier Bessel series expansion, which leads to a stable reconstruction of the initial pressure, similar as in [19, 21, 25] . Proof. Since f lk is of class C I and is compactly supported, we can expand it into a Fourier Bessel series (see [24] ) and it follows that f lk @A n 2 1 (15) Numerical examples in section 5 will be based on an implementation of the series (14) . They indicate that (14) provides a stable reconstruction formula.
Inversion from weighted spherical means
In this section we derive an inversion formula for the following weighted spherical mean transform M cos f@θ; rA a I jS n 1 j S n 1 f@x C rωA@θ ωAdS@ωA; @θ; tA P S n 1 ¢ @H; IA : (16) Note that the weight θ ω is the cosine of the angle between θ and ω. To derive the inversion formula we will express the normal derivative of the acoustic pressure in terms of the weighted spherical means. Such a relation can also be used for numerically solving the forward problem in PAT with direction dependent data.
It is well known (see [21, 22] ) that a solution p of system (1) In the following we establish an analogous results direction dependent, which states that they can be computed from the weighted spherical Radon transform. and concludes the proof.
The above lemma immediately implies the following. Simplifying the combination of (18) and (13) is an interesting line of future research.
Numerical experiments
We will derive reconstructions for direction dependent data based on the frequency domain formula derived in section 3 for the case n a P. We will present reconstructions for direction dependent data for c 1 a c 2 a I. The results show that PAT with direction dependent data yields to accurate reconstructions.
Discretization and data simulation
In numerical experiments we simulate direction dependent measurement data on a circle of radius R, which arises in applications when acoustic pressure is measured by integrating line detectors on a cylinder [26] . In order to compute the pressure field and its gradient restricted to the circle we use a discrete wave propagation model in this work. For that purpose we implement wave propagation on a 2D quadratic grid with side lenght a. Its nodes are given by x i1;i2 Xa @a; aA C Pa N for @i 1 ; i 2 A P fH; : : : ; N Ig as depicted in Figure 2 . As in [4] , we compute the solution to (1) by the k-space method [27, 28] , since it is an accurate model for wave propagation that does not suffer from frequency dependent dispersion. Numerically the parameter b has to be chosen large enough to contain the discretized initial pressure f and the acoustic field p@¡; T A.
Then we obtain the values of the acoustic pressure field and its gradient on the circle by linear interpolation, computed by the standard Matlab routine. Figure 3 shows the artificial initial pressure distribution, which is the source of our propagating wave. In Figure 4 direction dependent measurement data for the case c 1 a c 2 a I are compared to classical measurement data, which correspond to the case c 1 a I; c 2 a H.
Application of the discrete reconstruction series and results
In order to reconstruct the initial pressure distribution, we implement a discrete version of reconstruction formula (14) , which for the case n a P reads as 
The inversion formula (19) has been implemented following similar formula in [18] for standard PAT data. The initial pressure (3) is given on a PHH ¢ PHH grid and the pressure data are simulated for 300 sensor locations. Reconstruction results from exact data and for noisy data (additive Gaussian noise with relative`2 data error of H:HHPQ) are shown in Figure 5 . Reconstruction from noisy data with a relative`2-data error of H:HHPQ.
Conclusion
We investigated PAT direction dependent data, which uses a linear combination of the acoustic pressure and its normal derivative. We developed a reconstruction formula for the special case of spherical detection geometry and derived an exact reconstruction formula. Numerical results that show validity of the proposed approach. It is an interesting line of future research to investigate the direction dependent data model for general detection geometries in PAT and for variable speed of sound wave propagation.
